Constructing M2-brane and its boundary conditions from D2-brane and the related boundary conditions and vice versa has been possible in our recent work by using 3-Lie bialgebra for BLG model with N = 8 supersymmetry. This could be generalized for BL model with N = 6 by the concept of the 3-Leibniz bialgebra. The 3-Lie bialgebra is an especial case of 3-Leibniz bialgebra, then more comprehensive information will be obtained in this work. Consequently, according to the correspondence of these 3-Leibniz bialgebras with Lie bialgebras, we reduce to D2-brane such that with some restrictions on the gauge field this D2-brane is related to the bosonic sector of an N = (4,4) WZW model equipped with one 2-cocycle in its Lie bialgebra structure. Moreover, the Basu-Harvey equation which is found by considering boundary conditions for BL model containing Leibniz bialgebra structure is reduced to Nahm equation and vice versa using this correspondence.
Introduction
Unification of forces is one of the important issues in high energy physics. M-theory has been suggested for this purpose which can be obtained by developing the string theory [1] . M-theory contains two types of branes, M2-brane and M5-brane [2] . There are the great success [3] in the description of action for single M2-brane. However, according to the existence of a self-dual field in the world volume of M5-brane and in spite of efforts, this theory is still unknown [4] . It seems that some tricks may give us new information as the boundary conditions in the M2-brane ending to an M5-brane do [5] .People attempted to find a Lagrangian in describing multiple M2-branes. Finally, Bagger and Lambert [6] [7] [8] and Gustavsson [9] found one successful idea. Although, there was just one example [8] only for two membranes [10] , the case has been considered by many authors [11] .Bagger and Lambert inspired by the Basu-Harvey article [12] (see also Ref. [13] ) and groping supersymmetry transformations of D2-brane [14, 15] expressed N = 8 supersymmetry transformations of M2-branes. They obtained a series of equations of motion according to supersymmetric transformations to be closure. They could be derived from a Lagrangian which Bagger and Lambert found it. It was interesting with some limitations as mentioned, so they attempted to find the other one for explaining multiple M2-brane. Using complex fields, Aharony, Bergman, Jafferis, and Maldacena (ABJM) [16] found a Lagrangian for the arbitrary number of membranes and reduced the supersymmetry to N = 6. Bagger and Lambert followed this idea and described their own theory using complex scalar fields for arbitrary number of membranes [17] . In this way, they have got to use structure constants of 3-Lie algebra that is not totally antisymmetric. The relationship between those works has been described in Ref. [18] .
The world volume of the membrane in M-theory and the equivalent one in string theory (D-brane) are in relation to each other by using the Higgs mechanism in N = 8 BLG model [19, 20] . The model and relations can be extended to N = 6 BL model [21] with some difference, such as attributing vacuum expectation value (VEV) to a real part of one of the complex scalar fields [21] and also, the fialds of this model are 3-Leibniz algebra valued
N=6 BL model
Here for self-containing of the paper, we review the N = 6 BL model [17] . Dynamics of M2-brane in M-theory has been studied by maximal supersymmetric 3-dimensional Chern-Simons model [6] [7] [8] [9] . Bagger and Lambert extended their model to arbitrary number of membranes with N = 6 [17] supersymmetry using special 3-Lie algebras 2 and complex scalar fields which have been deduced from the ABJM model [16] . In addition to the fundamental difference between ABJM and BL theories, there is a conventional relation between them [18] .The BL formulation has got four complex scalar fields Z α (8 real field). Note that in ABJM model complex scalar fields are split into two pairs A a andB a with a = 1, 2, where (
* because of turning SO(8) R-symmetry into SU (4) × U (1) [17] . One must have for the fermion fields and their complex conjugates ψ αa , ψ ᾱ a = (ψ αa ) * where the raised indice express as the fields in the 4 of SU(4) and a lowered indice convert in the4. An index is raised or lowered by complex conjugation and supersymmetry generators ǫ αβ that are in the 6 of SU(4) with zero charge of U(1) and must satisfy the relation as ǫ αβ = 1 2 ε αβγδ ǫ γδ [17] . The covariant derivative is
A µāb such that α, β, γ and δ = 1, 2, 3, 4 the numbers of the scalar fields, µ, ν = 0, 1, 2 for representation of M2-brane wroldvolume, and the supersymmetry transformations are as follows:
1 One of the main descriptions to D-branes has been stated in terms of conformal field theory attributed to sigma-models on the world-sheet in Ref. [32] . D-branes on group manifolds can be described in terms of boundary states in a WZW model [33] . 2 We introduced it Leibniz algebra in Ref. [31] with gauge transformations as:
where can be showed by δ Λ Z α = N Z α − Z α N such that N and M is n × n and m × m matrix respectively, i.e., gauge group is U (n) × U (m) (see details in Ref. [17] ) 3 . Closure of the supersymmetric transformations terminate the following equations of motion:
and equation of motion of the scalar fields achieved by taking the supersymetric variation of (5). The invariant Lagrangian related to this equations can be expressed as follows [17] :
with
where
and Chern-Simons term have the following form:
where f acd g is the structure constants of the 3-Leibniz algebra A with the following nonantisymmetric 3-bracket 4 :
such that we have the following fundamental identity (see for example [42] ):
where it can be redefined by the structure constant of A in the following form:
3-Leibniz bialgebra
In this section, we review the definition of 3-Leibniz bialgebra that have been given recently in [27] . Definition: [28] Lie bialgebra deals with a map δ : G → G ⊗ G such that: a ) δ is a one-cocycle, i.e.:
G is a Lie algebra and {T i }s are bases for it, b ) t δ : G * ∧ G * → G * operate as a cocommutator on dual space of G i.e. G * with the following relation:
such that {T i } are bases of G * . G * is a Lie algebra and there is a pairing between G and G * shown as (, ). One can obtain following identities for Lie bialgebra:
which are Jacobi identity of G and G * and mix Jacobi identity, respectively. Definition: [27] A 3-Leibniz algebra A equipped with a linear co commutator δ : A → A ⊗ A ⊗ A defines a 3-Leibniz bialgebra if: a ) δ is a 1-cocycle of A and get values on ⊗ 3 A, i.e:
with {T a }s are bases of 3-Leibniz algebra 5 A. b ) 3-Leibniz bracket can be defined as dual map t δ :
where {T a }s are the bases for the space A * and there is a natural pairing between A and A * . Furthermore from this and (20) we have the following relation between the structure constants [27] :
An example
Generally, there is not Manin triple for 3-Leibniz bialgebras, but here we will show that there is Manin triple for a special example of 3-Leibniz bialgebras. Proposition: (A G , A * G * ) is a 3-Leibniz bialgebra if and only if (G, G * ) be a Lie bialgebra 6 . Consider a special example of 3-Leibniz algebra A G in relation with Lie algebra G. This 3-Leibniz algebras A G (mentioned in [20] for a first time) have commutation relations as follows 7 :
where {T i }s and f ij k are basis and structure constant of the Lie algebra G respectively with [
and fundamental identity for A G has the following form:
where a, b = i, , −, +. Now, we consider 3-Leibniz algebra structure on A * G * :
whereT i are bases for
where G * is the dual Lie algebra of G, and the fundamental identity for this 3-Leibniz algebra which is obtained as:
is equivalent to the Jacobi identity of the Lie algebra G * . By considering the following inner product:
one can show that the space A G ⊕A * G * with the commutation relations (24, 26) and continuing that, is a 3-Leibniz algebra if (A G , A * G * ) is a 3-Leibniz bialgebra 8 and these are equivalent if (G, G * ) construct a Lie bialgebra [27] :
if we take T A as a basis for the Manin triple of 3-Leibniz algebra with A = i, T i = T i and A = i + dimG + 2, T i+dimG+2 =T i and A = (−) + dimG + 2, T (−)+dimG+2 = T− and A = (+) + dimG + 2, T (+)+dimG+2 = T+, these are not exactly commutation relations that showed in [39] . If we take , a ≡+, d ≡+ and other indice from algebra then we will have:
and we take d ≡−, c ≡− will have f ki mf lk
Now, summation of (29), (65), (66) gives us (19) which is mix Jacobi for Lie bialgebra.
BL model on Manin of 3-Leibniz algebras ( M2 ↔ D2 )
In the previous section, we study the Manin triple (D, A G , A G * ) and correspondence between the 3-Leibniz bialgebra (A G , A G * ) and Lie bialgebra (G, G * ) 9 in the special case. In this section, we will use the N = 6 BL model which was explained in section 2 with one difference on the 3-Leibniz algebras. The 3-Leibniz algebras in our model is (D) , i.e., the Manin triple which is (4 + 2dimG) dimensional 3-Leibniz algebra 10 . We will show its relation with WZW model with the bialgebraic structure equipped with one 2-cocycle. Note that, with this work all provided issues and conditions in the section 2 for BL models are generalizable to a Manin triple as a 3-Leibniz algebra, i.e., the shape of the equation of motions, Lagrangian and ... are not modified. So consider the Lagrangian as follows:
such that, structure constants have the following relations obtained from (28):
8 Note that this is not direct sum of 3-Lie algebras. the gauge transformation for gauge fields will be
By using the eq.(34), we will have following relations:
so that Λ 1 and Λ 2 take following relations:
Note that we have usedĀ because we thought it could be confused with A in 3-Leibniz bialgebra which could get i,ĩ, +,+, −,− values, i.e., {TĀ}s are the basis of Manin triple of Lie bialgebra withĀ = i,
i+dimG =T i and FĀBC is structure constant of Manin triple of Lie bialgebra (D G ). The other index you will see in the following relation is A. As you know when we separated the structure constants with only i,ĩ, it must remain some of them with a combinational index of them and +,+, −,− which will be shown with A in the rest of this work.Also from eq.(39) the gauge group for this case is D G ⊗ D G and after using the structure constants of 3-Leibniz bialgebra, it reduce to D G , i.e., Drinfeld double of Lie bialgebra. Now using of the above relations the terms of Lagrangian turn into the following form:
Furthermore, the first term of CS term (10) turns into the following forms:
and
and the second term of CS term turn into 
Now, if we assume that Z
and also A µ+B = A µ+B = A µB 11 , FĀBC A µĀB ≡ C µC and F AB C A µAB ≡C µC , we will have the following relation from CS term on the special 3-Leibniz algebra D:
Finally, the N = 6 BL Lagrangian (32) is rewritten as follows:
In our model the gauge group is D G ⊗ D G which partial break to D G . Forthermore we apply the assumption A +µB = A+ µB = A µB for obtaining and simplifying the result to (47) if one not apply such assumption then in (47) further terms related to gauge group fields terms will appeard. Mean while according to (34) (35) (36) (37) (38) (39) this assumption reduce the number of gauge field but not the gauge group D G .
where I = 1, ..., 8 and the ... terms do not affect the Yang-Mills and WZW-like terms. In this way, one can reach to Yang-Mills relation (similar to [19] ) with 7 scalar fields by giving vacuum expectation value (VEV) to real part of one of complex scalar fields Z α , in this manner imaginary part of it behaves as a Goldestone mode in Higges mechanism [21] . Now, by defining (47) we will obtain the following equation:
such that F νλA and B νλĀ are two strength fields on D G ⊕ D * G * which look like Yang-Mills and B-field of a string, respectively. Note that B µλĀ as the antisymmetric Lie algebra D G valued field obtained from Higgs mechanism while CS term is written to the BL model on Manin triple D not from prior 3-form since the BL Lagrangian do not conclude it. A 3-form can be written as H = dB + C for the M2-M5 system as s mentioned in [49] , although there is not a 3-form C in this case, a 2-form B on the boundary of M2-brane ending to M5-brane could be the one appeared in our model. The Lagrangian (47) is a conclusion from low energy limit of DBI action related to the propagating of the string in the background G µν and Lie algebra valued fields A µνA and B µνA . So the antisymmetric Lie algebra valued form B µνA could be B-field of the string at the boundary of the M2-brane end to M5-brane [49] . This means we have considered boundary conditions of the M2-M5 system which make some restrictions on the gauge fields. Going to the boundary for the supersymmetric problems change the number of supersymmetry so that for the N = 6 supersymmetry two anti-chiral fermions on the boundary is disappeared. So we could expect N = (4, 4) supersymmetry to the string [4] 12 . In this way, the N = 6 BL model related to the bosonic sector of a N = (4, 4) supersymmetric string theory in our model. The N = (4, 4) supersymmetric WZW model is constructed from the group of Manin triple (as a Lie algebra) of Lie bialgebra, i.e., Drinfeld double D G with one 2-cocycle. Applying 3-Leibniz bialgebra in the BL model make clear relation between two superconformal theory (superconformal BLG model stated in Ref. [42, 43] ) and one can obtain them from each other, i.e., BL model with 3-Leibniz algebra structure D as a Manin triple is constructed by having 2-dimensional N = (4, 4) supersymmetric WZW models (analyzed [34] ) with Lie bialgebra structure equipped one 2-cocycle and vice versa. We meant the vice versa process is only from the algebraic point of view. On the other hand, the algebraic relation between Manin triple of 3-Leibniz algebra and Lie bialgebra (as we describe in the proposition) make possible constructing BL model from the N = (4, 4) supersymmetric WZW model. There exist two gluing matrices R,R in an N = (2, 2) WZW which must satisfy R ∈ Aut(G) andR ∈ Hom(G − , G + ) 13 , then according to these gluing matrices there are two types D-brane, i.e., B-type and A-type respectively. In order to preserve half of the bulk supersymmetry [46] then it is natural to conclude that for the N = (4, 4) WZW. In this case, existence one 2-cocycle which can play an important role, also possible relations between gluing matrices R andR according to [47] and [34] . Now, it remains to show that B µνk is a B-field. As we said a self-dual string appears on the boundary of M5-brane which will construct a 3-form on the worldvolume. Appeared B-field in our model is a result of 3-form that play background field role. Born-Infeld action for propagated string in a background with G µν , A µ and B µν fields resulting action is DBI action [32, 48] :
We must show that this B-field can be related to the B-field of WZW action ( as in Ref. [39] ), for this reason, we use Lie algebra valued fields:
by some calculations we obtain
12 Note that, this method for obtaining of WZW is different of the method mentioned in [35] [36] [37] . 13 Note that G + and G − are Lie algebra and dual of it, respectivly, that make the Lie bialgebra G, i.e.
Boundary conditions of BL model on Manin triple of 3-Leibniz algebra
In this section, we obtain the boundary conditions of N = 6 BL model with 3-Leibniz bialgebra structure, as we have shown for the N = 8 BLG model. The difference between them is in the number of supersymmetry and structure constants which are not totally antisymmetric. For this purpose, we must be careful in decreasing the number of supersymmetries. The normal component of supercurrent to boundary direction must be discarded in order to preserve maximum unbroken supersymmetry, i.e., we obtain the supercurrent and reset to zero normal component of it. For this purpose, we will need the other presentation of BL model which have been applied by Bagger and Lambert in Ref. [17] . They have shown that F ABCD sets up a Lie algebra G with the following form:
such that G λ s are commuting Lie algebras and this allows one to rewrite the Lagrangian (32) as follows:
Supersymmetry transformations are redressed as in Ref. [23, 24] and the supercurrent is given as follows:
Boundary conditions of N = 6 BLG theory [38] was investigated in the same method as for boundary conditions of N = 8 BLG theory [38] was done. The attainment of vanishing the normal component of supercurrent in the boundary conditions is following relation:
As we told the method is the same method in [38] with some difference. One of them is decomposition of SU (4) as Lorentzian symmetry into two groups. in this case, one way is decompose 4 complex scalar field into
In the previous sections, we introduced a special example of 3-Leibniz bialgebra in relation to Lie bialgebra. The result of applying that example and using commutation relations mentioned in (28) is the Basu-Harvey equation with the following form:
vanishing equations (65,66) is a result of existence of two totally antisymmetric coefficients with (I, J, K, L) and (A, B, C = −, +, i,−,+,ĩ and i, j, k) index (A, B, C = −, +, i,−,+,ĩ and i, j, k), i.e., ǫ IJKL and F BCD − . Equations (67,68) can be combined and written in following form:
where FBCĀ is the structure constant for D G withĀ,B,C = i,ĩ which is the Manin triple of Lie algebra G. It has been considered as Nahm equation a result of considering boundary conditions in D1-branes [49] with the Lie bialgebra representation. So, one of the boundary conditions of the BL model for multiple membranes is Basu-Harvey equation is in relation to Nahm equation [49] and vice versa as BLG one in Ref. [38] for 3-Lie bialgebra 14 . According to the obtained relation between Nahm and Basu-Harvey equations, there is the relation between M2 and D2 actions and vice versa. As you know, Nahm equation is a result in the studying boundary condition for DBI action [49] and according to the relation obtained between Nahm and Basu-Harvey equations, it could manifest relation between M2 and D2 actions and vice versa. This show relation between M-theory and string theory and vice versa because BL model is a model for membranes which have been derived from supergravity action as low energy limit of M-theory and DBI is the similar one in the string theory.
Conclusions
We have constructed N = 6 Chern-Simons gauge theory (BL model) on a special Manin triple (D, A, A * ) as a 3-Leibniz bialgebra. Then using the correspondence between 3-Leibniz bialgebra (A, A * ) and Lie bialgebra (G, G * ), we have shown a relation between N = 6 BL model with 3-Leibniz algebra structure and N = (4, 4) WZW model over Lie group with Manin triple (as Lie algebra) of Lie bialgebra structure. Also, boundary conditions for BL model on Manin triple were considered and the Basu-Harvey equation reduced to Nahm equation, in this way. Conversely; if N = (4, 4) supersymmetric WZW action with a Lie bialgebra equipped one 2-cocycle is constructed by helping DBI-action for D2-brane, then constructing M2-model on the special 3-Leibniz algebra is possible according to the relation between Lie bialgebra and 3-Leibniz bialgebra. The other result of this correspondence is obtaining Basu-Harvey equation by considering Nahm equation as the boundary conditions of the D1-string ending to D3-brane in the following relation with DBI action.
